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Due to their unique magnetoelectric coupling effect, composite
materials consisting of a piezoelectric phase and a piezomagnetic
phase are extensively used as magnetic ﬁeld probes, electric pack-
aging, acoustic, hydrophones, medical ultrasonic imaging, sensors
and actuators (Wu and Huang, 2000). When subjected to mechan-
ical, magnetic and electrical loads in service, these magnetoelectro-
elastic materials can fail prematurely due to some defects such as
cracks and holes, arising during their manufacturing processes.
Therefore, the fracture mechanics of magnetoelectroelastic solid
is an important research subject.
In recent years, research on fracture mechanics of magnetoelec-
troelastic materials has received considerable interests. Liu et al.
(2001) studied Green’s functions for magnetoelectroealstic materi-
als involving a cavity or a crack by including the electric-magnetic
ﬁelds effects. Gao et al. (2003a,b) presented an exact treatment on
the crack problems in amagnetoelectroealstic solid under combined
loadings. Based on the extended Stroh formalism, Wang and Mai
(2003) obtained the general two-dimensional solutions of the mag-
netoelectroelastic ﬁeld around the crack tip. Song and Sih (2003)
considered the crack initiation behavior in magnetoelectroelastic
composite under in-plane deformation. Spyropoulos et al. (2003)
studied the magnetoelectroelastic composite with poling parallel
to plane of line crack under out-of-plane deformation. Wang and
Mai (2004a) investigated theanti-planecrackproblems inan inﬁnite
piezoelectromagneticmediumby using the complex variablemeth-ll rights reserved.
x: +86 10 8232 8501.
. Guo).od. Fourier transforms were used by Hu and Li (2005) to obtain the
singular stress, electric andmagneticﬁelds in a piezoelectromagnet-
ic strip with a Grifﬁth crack under longitudinal shear loading. Tian
and Rajapakse (2005) presented the Ji and M-integrals for single
crack andmulti-cracks problems and analyzed the fracturemechan-
ics ofmagnetoelectroelastic solids. Using the proposed pseudo-trac-
tion–electric–displacement–magnetic induction method, Tian and
Gabbert (2005) investigated themacrocrack–microcrack interaction
problems in a magnetoelectroelastic medium. More recently, Wang
et al. (2006) developed a closed-form solution for anti-plane
mechanical and in-plane electric and magnetic loads in a magneto-
electroelastic layer of ﬁnite thickness. Zhong and Li (2006) treated
the problem of an anti-plane crack embedded in a magnetoelectro-
elastic strip by means of the ﬁnite Fourier transform. Zhao et al.
(2006) investigated an elliptical cavity in an inﬁnite two-dimen-
sional magnetoelectroelastic medium under combined mechani-
cal–electric–magnetic loadings by using the Stroh formalism. Zhou
et al. (2007) addressed the behavior of a mode I crack in the piezo-
electric/piezomagnetic materials subjected to a uniform tension
loading by the generalized Almansi’s theorem. García-Sánchez
et al. (2007) discussed the behavior of cracked linear magnetoelec-
troelastic solids by means of the dual boundary element method
(BEM)approach.Byapplying theHankel transformtechnique,Zhong
and Li (2008) analyzed the magnetoelectroelastic ﬁeld of a penny-
shaped crack embedded in an inﬁnite piezoelectromagnetic mate-
rial.Wang et al. (2008) investigated an internal penny-shaped crack
in a magnetoelectroelastic material under remote magnetoelectro-
elastic loads by the self-consistent approach. Rao and Kuna (2008)
presented the domain forms of interaction integrals based on three
independent formulations for computation of the stress intensity
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tionally graded magnetoelectroelastic materials and derived the
conservation integrals of J-type. Zhong (2009) then made the frac-
ture analysis of a magneto-electrically dielectric Grifﬁth crack
embedded in a magnetoelectroelastic layer by using the Fourier
transform technique. Using integral transform method, Singh et al.
(2009) presented the closed-form solutions of two anti-plane collin-
ear cracks in a magnetoelelctroelastic layer. However, the previous
studies mentioned above weremainly focused on the static cracked
problems inmagnetoelelctroelasticmaterials. The dynamic fracture
analyses of thesematerialswere considered very seldom in the liter-
atures (e.g., Li, 2005; Sladek et al., 2008; Zhong and Zhang, 2010). In
addition, the interfacial crack problems (Li and Lee, 2008; Fan et al.,
2009; Feng et al., 2009) in magnetoelelctroelastic materials have
also attracted much interest recently.
Although cracks emanating from circular and elliptical holes in
piezoelectric material have been investigated (Wang and Gao,
2008; Guo et al., 2009), to our knowledge, no efforts can be found
on the fracture behavior of cracks emanating from holes in a
magnetoelelctroelastic solid. In fact, the holed structures play an
important role in engineering and cracks often exist around holes
during manufacture and service of the holed structures. On the
other hand, when magnetoelelctroelastic materials are subjected
to mechanical, electric and magnetic loadings in service, the stress
concentrations around the holes can induce cracks initiation and
propagation, which will lead to the failure of these magnetoelelc-
troelastic materials. Last but not the least, the number of cracks
will greatly affect the reliability of magnetoelelctroelastic materi-
als. Thus, it is necessary and important to analyze the fracture
behavior of magnetoelelctroelastic materials involving multiple
cracks originating from a circular hole.
Analytical solutions in closed-form are usually desired for accu-
rate analysis and design. However, due to the mathematical com-
plexity, certain practical problems are only solved in virtue of the
numerical schemes, and it is difﬁcult to obtain their analytical
solutions in closed-form. For the isotropic materials, Tada et al.
(1973), Ouchterlony (1976) and Wu and Carlsson (1991) solved
the multiple cracks originating from a circular hole under bidirec-
tional tension and only obtained the numerical solutions of the
stress intensity factor. And for the anti-plane problem, no analyti-
cal solutions of multiple cracks originating from a circular hole has
been presented until now, which can be mainly attributed to the
mathematical obstacles.
In the existing literatures, the discussions on the crack surface
magnetoelectric boundary conditions and the fracture criterion
are two most widely concerned topics. As we know, for piezoelec-
tric materials, the electrically permeable and impermeable condi-
tions are common applied (Pak, 1990; Mikahailov and Parton,
1990; Zhang and Tong, 1996; Wang and Mai, 2004b). However,
theoretically speaking, for magnetoelectroelastic materials, the fol-
lowing four different magnetoelectric boundary conditions might
be encountered (Wang andMai, 2007): (a) electrically and magnet-
ically permeable conditions; (b) electrically permeable and mag-
netically impermeable conditions; (c) electrically impermeable
and magnetically permeable conditions; and (d) electrically and
magnetically impermeable conditions. Among these four cases,
the magneto-electrically permeable conditions and the magneto-
electrically impermeable conditions are widely used, and it is val-
idated that the magneto-electrically impermeable assumption is
reasonable for engineering problems (Wang and Mai, 2004b).
Three kinds of fracture criteria, such as the ﬁeld intensity factor
(Wang and Mai, 2004a; Tian and Rajapakse, 2008), the energy den-
sity factor (Sih et al., 2003; Song and Sih, 2003; Sih and Song, 2003;
Spyropoulos et al., 2003) and the energy release rate (Gao et al.,
2004; Zhong and Li, 2008; Singh et al., 2009; Feng et al., 2009)
are often used in the analyses of magnetoelectroelastic mediums.To simplify the analysis, the electromagnetically impermeable
crack-face boundary condition (Li, 2005; Feng et al., 2005; Tian
and Rajapakse, 2008) is adopted in this paper. Meanwhile, the en-
ergy release rate is chosen as the fracture criterion to discuss the
effects of the geometrical parameters and the combined loadings
on the fracture behavior of magnetoelectroelastic solids.
The objective of this paper is to seek the closed-form or exact
solutions for multiple cracks originating from a circular hole in a
magnetoelectroelastic solid under remotely uniform anti-plane
mechanical loading and in-plane electromagnetic loadings. A new
mapping function is used to reduce the boundary value problem
to Cauchy integral equations. The analytic expressions of the
complex potentials, the ﬁeld intensity factors and the energy
release rate are obtained. The inﬂuences of crack conﬁgurations
and the combined loadings on the energy release rate are studied.
Several useful results which may have potential applications to the
design and fracture analysis of magnetoelectroelastic structures
are given.
2. Basic equations
For a linear magnetoelectroelastic solid in a rectangular coordi-
nate system, xi (i = 1,2,3), in the absence of body forces, electric
charge density and electric current, the complete set of the basic
equations is
rij ¼ cijklekl  ekijEk  qkijHk
Di ¼ eiklekl þ jikEk þ dikHk ð1Þ
Bi ¼ qiklekl þ dikEk þ likHk
rij;j ¼ 0; Di;i ¼ 0; Bi;i ¼ 0 ð2Þ
eij ¼ ðui;j þ uj;iÞ=2; Ei ¼ u;i; Hi ¼ w;i ð3Þ
where repeated indices denote summation; a comma in the sub-
scripts stands for a partial differentiation; cijkl; jik and lik are the
elastic stiffness tensor, the dielectric permittivities and magnetic
permeabilities, respectively; ekij; qkij and dik are the piezoelectric,
piezomagnetic and magnetoelectric coupling tensors, respectively;
rij; eij; Ei; Di; Hi and Bi stand for the stress, strain, electric ﬁeld,
electric displacement, magnetic ﬁeld and magnetic induction,
respectively; ui; u and w denote the displacement, the electric po-
tential and the magnetic potential, respectively.
Anti-plane problem is relatively simple and the solutions in an
explicit and closed-form can easily provide the physical insights
into the fracture behaviors of magnetoelectroelastic materials,
therefore, the present work considers the magnetoelectroelastic
problem of a mode III crack in the isotropic plane. For the two-
dimensional anti-plane deformation, the out-of-plane displace-
ment and in-plane electric/magnetic ﬁelds are functions of x1 and
x2 only, that
u1 ¼ u2 ¼ 0; u3 ¼ u3ðx1; x2Þ; u ¼ uðx1; x2Þ; w ¼ wðx1; x2Þ ð4Þ
Thus, for a transversely isotropic magnetoelectroelastic solid with
the x3-axis being the symmetry axis, the constitutive equation (1)
can be simpliﬁed as
r3k ¼ c44u3;k þ e15u;k þ q15w;k
Dk ¼ e15u3;k  j11u;k;d11w;k ð5Þ
Bk ¼ q15u3;k  d11u;k;l11w;k ðk ¼ 1;2Þ
We introduce a generalized stress function vector, /, such that
r31;D1;B1½ T ¼ /;2; r32;D2; B2½ T ¼ /;1 ð6Þ
Consequently, the general solutions of Eqs. (2), (3) and (5) can be
expressed by the generalized displacement vector u and the stress
function vector /, as (Gao et al., 2004)
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/ ¼ BfðzÞ þ BfðzÞ; z ¼ x1 þ ix2 ð8Þ
where f(z) is an analytic function; the overbar stands for the conju-
gate of a complex number; A and B stand for the material constant
matrices, which are deﬁned as
A ¼ I; B ¼ iB0; B0 ¼
c44 e15 q15
e15 j11 d11
q15 d11 l11
2
64
3
75 ð9Þ
where I is a 3  3 unit matrix.
If only the complex potential f(z) is available under the given
boundary conditions, the stress, electric and magnetic ﬁelds can
be determined by Eqs. (3) and (6).
3. Field intensity factors and energy release rate
Consider multiple cracks at the edge of a circular hole in a trans-
versely isotropic magnetoelectroelastic solid inﬁnitely large, as
shown in Fig. 1. It is assumed that the electric and magnetic poling
directions are both along the positive x3-axis and the isotropic
plane is in the x1–x2-plane. Using the technique of conformal map-
ping and the complex variable method, the ﬁeld intensity factors
and the energy release rate under remotely uniform anti-plane
shear and in-plane electric–magnetic ﬁeld loadings are obtained
as follows.
In the solid, the potential vector f(z) takes the form (Gao et al.,
2004)
fðzÞ ¼ c1zþ f0ðzÞ ð10Þ
where c1 is a complex constant related to the remote loading con-
ditions, and f0ðzÞ is an unknown complex function, which vanishes
at inﬁnity, i.e., f0ð1Þ ¼ 0. Differentiating Eqs. (7) and (8) with re-
spect to x1 gives
u;1 ¼ AFðzÞ þ AFðzÞ ð11Þ
/;1 ¼ BFðzÞ þ BFðzÞ ð12Þ
where FðzÞ ¼ dfðzÞ=dz. Substituting Eq. (10) into Eqs. (11) and (12),
and then taking z !1, yields
u1;1 ¼ Ac1 þ Ac1 ð13Þ
/1;1 ¼ Bc1 þ Bc1 ð14ÞFig. 1. An inﬁnite magnetoelectroelastic solid containing multiple cracks originat-
ing from a circular hole.where
/1;1 ¼ r132;D12 ;B12
 T
; u1;1 ¼ e131;E11 ;H11
 T ð15Þ
The mechanical–electric–magnetic boundary conditions along the
surfaces of cracks and hole can be expressed as
BfðzÞ þ BfðzÞ ¼
Z
s
tsds; ts ¼ t3;Dn;Bn½ T ð16Þ
where t3; Dn and Bn represent the anti-plane shear traction, the
normal components of electric displacement and magnetic induc-
tion along the boundary, respectively. Generally, the crack length
is shorter than the hole-size, and the electric–magnetic ﬁelds inside
the circular hole are smaller, so the assumption of electrically and
magnetically impermeable cracks boundary conditions is adopted.
Then, if the cracks and hole are free of mechanical loads, Eq. (16)
can be reduced to
BfðzÞ þ BfðzÞ ¼ 0 ð17Þ
Inserting Eq. (10) into Eq. (17), we have
Bf0ðzÞ þ Bf0ðzÞ ¼  Bc1zþ Bc1z
  ð18Þ
It is difﬁcult to directly solve the complex function f0(z) from Eq.
(18) under given boundary conditions. Research on simpler and efﬁ-
cient methods for resolving more complicated problem is still a nec-
essary and important task for fracture mechanics. Therefore, we
propose a new mapping function which transforms the outside re-
gion of the cracks and hole in the z-plane into the interior of a unit
circle in the f-plane, that is
z ¼ xðfÞ ¼ R22nf1 eðfn þ 1Þ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e2ðfn þ 1Þ2  4fn
q 2
n
ð19Þ
where n denotes the number of cracks, and
e ¼ 1
2
ð1þ kÞn2 þ ð1þ kÞn2
h i
; k ¼ L=R ð20Þ
Thus, in the f-plane, Eq. (18) can be transformed into
Bf0ðrÞ þ Bf0ðrÞ ¼  Bc1xðrÞ þ Bc1xðrÞ
h i
ð21Þ
in which r is the point on the unit circle, and f0ðrÞ ¼ f0ðxðrÞÞ is
deﬁned.
From Eq. (19), one follows that
xð1=fÞ ¼ R22nf1 eðfn þ 1Þ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e2ðfn þ 1Þ2  4fn
q 2
n
¼ xðfÞ ð22Þ
When jrj ¼ 1, noting that r ¼ 1=r, we have xðrÞ ¼ xðrÞ. There-
fore, Eq. (21) gives
Bf0ðrÞ þ Bf0ðrÞ ¼  Bc1 þ Bc1
 
xðrÞ ð23Þ
and using Eq. (14), one has from Eq. (23) that
Bf0ðrÞ þ Bf0ðrÞ ¼ /1;1xðrÞ ð24Þ
Multiplying the resultant equation by dr=½2piðr fÞ, where f is a
point inside of the unit circle, and performing the Cauchy integra-
tion on the unit circle c in the clockwise direction, Eq. (24) reduces
to
1
2pi
Z
c
Bf0ðrÞ
r f drþ
1
2pi
Z
c
Bf0ðrÞ
r f dr ¼ /
1
;1
1
2pi
Z
c
xðrÞ
r f dr
ð25Þ
Since f0ðzÞ is analytic in the exterior of a unit circle, thus, f0ðfÞ is
analytic in the interior of a unit circle with the help of the mapping
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trary point in ffj jfj < 1g, we obtain from Eq. (25), that
Bf0ðfÞ ¼ /1;1
1
2pi
Z
c
xðrÞ
r f dr ð26Þ
It can be seen from Eq. (19) that xðrÞ is the boundary values of the
analytic functionxðfÞ inside the unit circle c except the point f ¼ 0.
Using the Residue theorem in complex variable function, we have
1
2pi
Z
c
xðrÞ
r fdr ¼ xðfÞ  Re
2
n
.
f ð27Þ
Inserting Eq. (27) into Eq. (26), then differentiating the obtained re-
sults with respect to f leads to
BF0ðfÞ ¼ /1;1 x0ðfÞ þ Re
2
n
.
f2
h i
ð28Þ
where F0ðfÞ ¼ df0ðfÞ=df, and x0ðfÞ can be obtained from Eq. (19) as
x0ðfÞ ¼ 22nRf2 eðfn þ 1Þ þ S½ 2n1 eþ e2ðfn þ 1Þ=S  fn  1ð Þ ð29Þ
where
S ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e2ðfn þ 1Þ2  4fn
q
ð30Þ3.1. Field intensity factors
The vector of the ﬁeld intensity factors can be deﬁned as
jimp ¼ ½kr; kD; kBT ¼ lim
z!z1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pðz z1Þ
p
/;1 ð31Þ
where z1 ¼ Rþ L.
Substituting Eq. (12) into Eq. (31) will yield
jimp ¼ ½kr; kD; kBT ¼ 2 lim
z!z1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pðz z1Þ
p
BF0ðzÞ ð32Þ
where the condition that BF0ðzÞ is real along the x1 is used.
In the f-plane, Eq. (32) becomes
jimp ¼ 2
ﬃﬃﬃﬃﬃﬃ
2p
p
lim
f!1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
xðfÞ xð1Þ
p BF0ðfÞ
x0ðfÞ ð33Þ
where f ¼ 1 is the corresponding point of the crack tip z1 ¼ Rþ L.
It is obvious from Eqs. (29) and (28) that one ﬁnds
limf!1x0ðfÞ ¼ 0 and limf!1BF0ðfÞ–0, respectively. Hence, using
the L0Hospital rule, Eq. (33) reduces to
jimp ¼ 2
ﬃﬃﬃ
p
p
lim
f!1
BF0ðfÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x00ðfÞp ð34Þ
From Eq. (29), x00ð1Þ can be derived as
x00ð1Þ ¼ 1
2
Rne eþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e2  1
p	 
2n e2  1 12 ð35Þ
Inserting Eqs. (28) and (35) into Eq. (34), and noting Eq. (15), one
ﬁnally has
jimp ¼
ﬃﬃﬃﬃﬃﬃ
pL
p
K r132;D
1
2 ;B
1
2
 T ð36Þ
where K called for the dimensionless ﬁeld intensity factors is de-
ﬁned by
K ¼ 23n42n n12k12 ð1þ kÞn þ 1 4n2n ð1þ kÞn  1 12ð1þ kÞ32 ð37Þ
Eq. (36) shows that the stress, electric displacement and magnetic
induction intensity factors of multiple cracks originating from a cir-
cular hole in a magnetoelectroelastic solid not only relate to the ap-
plied mechanical, electric and magnetic loadings, respectively, but
also depend on the hole-radius, the length of cracks and the number
of cracks.3.2. Energy release rate
For electrically and magnetically impermeable cracks, the en-
ergy release rate can be expressed as (Gao et al., 2004)
G ¼ 1
4
jTimpHjimp ð38Þ
where H is deﬁned as
H¼2B10 ¼
2
detB0
j11l11d211 e15l11d11q15 j11q15d11e15
e15l11d11q15 q215c44l11 c44d11þe15q15
k11q15d11e15 c44d11þe15q15 e215c44j11
2
64
3
75
ð39Þ
in which
detB0 ¼ c44j11l11 þ e215l11 þ j11q215  2d11e15q15  c44d211 ð40Þ
Substituting Eqs. (36) and (39) into Eq. (38) produces
G ¼ pLK
2
2 detB0
K ð41Þ
where
K ¼ j11l11  d211
	 

r132
 2  q215 þ c44l11  D12 2
 e215 þ c44j11
 
B12
 2 þ 2 e15l11  d11q15 r132D12
þ 2 j11q15  d11e15ð Þr132B12 þ 2 c44d11 þ e15q15ð ÞD12 B12 ð42Þ4. Special cases and numerical examples
4.1. Several special cases
The dimensionless ﬁeld intensity factor, K can be used to deter-
mine the ﬁeld intensity factors and the energy release rate of mul-
tiple cracks originating from a circular hole. Some special cases for
the ﬁeld intensity factors and the energy release rate can be ob-
tained from the present results. Discussions in detail are given as
follows.
When R tends to zero, i.e., k!1, Eq. (37) reduces to
K ¼ 23n42n n12 ð43Þ
This is the case of n equal and equally spaced radial cracks originat-
ing from a common point, which is consistent with the classical re-
sult (Tada et al., 1973; Sih, 1965) with respect to the stress intensity
factor.
When n = 1, Eq. (37) results in
K ¼ 212ð2þ kÞ32ð1þ kÞ32 ð44Þ
Eq. (44) shows the case of a single edge crack originating from a cir-
cular hole, which is identical to the results of Wang and Gao (2008)
and Guo et al. (2009). Especially, Eq. (44) can be degenerated into
the result of a central crack in an inﬁnite magnetoelectroelastic so-
lid, i.e., K ¼ 1=
ﬃﬃﬃ
2
p
, when R tends to zero.
When n = 2, then Eq. (37) leads to
K ¼ k12 ðkþ 1Þ4  1
h i1
2ðkþ 1Þ32 ð45Þ
This is just the result of two symmetrical edge cracks originating
from a circular hole, which is shown to be excellent agreement with
the corresponding result of Wang and Gao (2008) and Guo et al.
(2009). In addition, the stress intensity factor agrees well with that
of isotropic materials (Sih, 1965) in the absence of the electric and
magnetic loads at inﬁnity. In particular, Eq. (45) reduces to the re-
sult of the Grifﬁth crack, i.e., K ¼ 1, when R approaches to zero,
which is also obtained by Gao et al. (2004).
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K ¼ 256312k12 ð1þ kÞ3 þ 1
h i1
6 ð1þ kÞ3  1
h i1
2ð1þ kÞ32 ð46Þ
Eq. (46) gives the result of three radial cracks spaced equally at 120
apart originating from a circular hole. Especially, when R tends to
zero, Eq. (46) yields
K ¼ 256312 ð47Þ
which is the case of three radial cracks spaced equally at 120 apart
originating from a common point.
When n = 4, from Eq. (37), we have
K ¼ k12 ðkþ 1Þ4  1
h i1
2ðkþ 1Þ32 ð48Þ
which is the result of four radial cracks originating from a circular
hole. From Eqs. (45) and (48), it is interesting to notice that the re-
sult of two radial cracks originating from a circular hole is the same
as that of four radial cracks in a magnetoelectroelastic solid. This re-
sult indicates that if the magnetoelectroelastic solid containing four
radial cracks originating from a circular hole is subjected to uniform
loading along the y-axis or z-axis direction, the existence of the per-
pendicular crack has no effect on the ﬁeld intensity factors and the
energy release rate at the crack tip of the horizontal crack, which is
attributed to its geometrical symmetry. In particular, when R tends
to zero, Eq. (48) reduces to the result of cross-shaped crack, i.e.,
K ¼ 1.
The energy release rate of special models mentioned above at
the crack tip can be obtained by replacing K in Eq. (41) with K de-
rived from Eqs. (43)–(48).4.2. Numerical results
In this section, the selected numerical results are presented to
investigate the fracture behavior of a magnetoelectroelastic com-
posite, namely BaTiO3–CoFe2O4. Its piezoelectric phase is BaTiO3,
while its piezomagnetic phase is CoFe2O4. The values of the mate-
rial constants are selected as follows (Sih and Chen, 2003; Li,
2005):Fig. 2. Normalized energy release rate versus L/R with R ¼ 0:01 m under comc44 ¼ 4:4 1010 Pa; e15 ¼ 5:8 C=m2;
j11 ¼ 56:4 1010 C2=N m2;
q15 ¼ 275 N=A m; l11 ¼ 297 106 N s2=C2;
d11 ¼ 5:2 1012 N s=V C; Gcr ¼ 5:0 N=m
where Gcr is the critical energy release rate. The numerical results
for the selected model are presented as follows.
Figs. 2–4 illustrate the effects of geometrical parameters on the
normalized energy release rate under given combined loadings of
r132 ¼ 6 MPa; D12 ¼ 103 C=m2 and B12 ¼ 102 N=A m. Fig. 2 shows
the variation of the normalized energy release rate with the crack
length for a ﬁxed-size hole of R ¼ 0:01 m. It is easily seen that an
increase of the crack length always results in the crack growth
for each value of n = 1,2,3. It should be pointed out that the same
conclusions can be also found for the cases of n = 4,5,6, . . .. The ef-
fect of the holed radius on the normalized energy release rate is
plotted in Fig. 3 for a given the length of cracks of L ¼ 0:005 m. It
can be observed that the normalized energy release rate increases
as the radius of circular hole becomes large, and then tends to a
constant for all cases of cracks originating from a circular hole.
The results indicate that an increase of hole-radius easily leads to
the crack propagation. However, the increase of hole-radius has lit-
tle inﬂuence on the normalized energy release rate with R=L > 4.
Fig. 4 exhibits the variation of the normalized energy release rate
with the number of cracks for a ﬁxed-size hole of R ¼ 0:01 m. It
is interesting to note that for a ﬁxed length of the cracks (e.g.,
k ¼ L=R ¼ 0:3;0:5;0:8), the value of G=Gcr for the case of n = 3
reaches the peak value for all the cases of n (n = 1,2,3, . . .). More-
over, the value of G=Gcr for the case of n = 2 which equals to that
of n = 4, is larger than that for the case of n = 1. The value of
G=Gcr then further decreases as the number of cracks increases
with nP 5. From the interesting phenomenon, two important
and meaningful conclusions can be drawn: (1) The magnetoelec-
troelastic solid containing the defect such as three radial cracks
spaced equally at 120 apart originating from a circular hole is eas-
ier to fail than the other cases under remotely uniform in-plane
electromagnetic and anti-plane mechanical loadings. (2) Once the
multi-cracks (nP 3) at the edge of a circular hole occur in a mag-
netoelectroelastic solid, an increase of the number of cracks can
impede the crack propagation and growth. In particular, the nor-
malized energy release rate is close to zero when the number ofbined loadings of r132 ¼ 6 MPa; D12 ¼ 103 C=m2 and B12 ¼ 102 N=A m.
Fig. 3. Normalized energy release rate versus R/L with L ¼ 0:005 m under combined loadings of r132 ¼ 6 MPa; D12 ¼ 103 C=m2 and B12 ¼ 102 N=A m.
Fig. 4. Normalized energy release rate versus n with R ¼ 0:01 m under combined loadings of r132 ¼ 6 MPa; D12 ¼ 103 C=m2 and B12 ¼ 102 N=A m.
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cracks originating from a circular hole is regarded as a new circular
hole which is bigger than the original one.
Figs. 5–7 show the inﬂuence of applied mechanical, electric and
magnetic loadings on the normalized energy release rate for given
values of R ¼ 0:01 m and L ¼ 0:005 m. It is seen from Fig. 5 that
themechanical loading always enhances the crack growth under gi-
ven electric loading D12 ¼ 103 C=m2 and magnetic loading
B12 ¼ 102 N=A m. Fig. 6 shows the normalized energy release rate
as a function of the applied electric loading, D12 , with r132 ¼
6 MPa and B12 ¼ 102 N=A m. It is observed that if a mechanical
loading is applied, a negative electric load decreases the normalized
energy release rate, but a positive electric load can either increase or
decrease the normalized energy release rate. The result shows that,
for a ﬁxedmechanical loading, a negative electric loading is easier to
inhibit the crack growth than a positive one. This observation is in
agreement with the conclusion drawn by some researchers (Gao
et al., 2004; Fenget al., 2009). Similar conclusions canbedrawn from
Fig. 7 for the effects of magnetic loading on the normalized energyrelease rate under given mechanical loading r132 ¼ 6 MPa and elec-
tric loading D12 ¼ 103 C=m2.
From the above analyses, it is easily seen that the energy release
rate is always negative without mechanical loading. Hence, if one
chooses the energy release rate as a fracture criterion, the obtained
results reveal that electric and magnetic ﬁelds always impede
crack propagation, which is not consistent with the known exper-
imental observations for the effects of applied electric loads on the
crack growth in piezoelectric solids (Park and Sun, 1995; Wang and
Singh, 1997). Consequently, Park and Sun (1995) suggested the
mechanical strain energy release rate as a fracture criterion,
although this criterion does not meet the basic law of energy con-
servation. In addition, the energy density factor (Sih et al., 2003)
and the COD intensity factor (Li and Lee, 2004) criterions are also
often used in the analyses of magnetoelectroelastic mediums.
The existing studies indicate that different fracture criteria men-
tioned above when applied to piezoelectric materials predict dif-
ferent behaviors and crack propagation paths (Tian and
Rajapakse, 2005; Zhong and Li, 2006; Zhong and Li, 2008). Many
Fig. 5. The effect of the mechanical load on the normalized energy release rate with R ¼ 0:01 m and L ¼ 0:005 m under combined loadings D12 ¼ 103 C=m2
and B12 ¼ 102 N=A m.
Fig. 6. The effect of the electric load on the normalized energy release rate with R ¼ 0:01 m and L ¼ 0:005 m under combined loadings r132 ¼ 6 MPa and B12 ¼ 102 N=A m.
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vant to magnetoelectroelastic materials. However, to the best of
the authors’ knowledge, there is no fracture experiment about
magnetoelectroelastic solids up to now. Therefore, the theoretical
results obtained should be veriﬁed by experimental observations
in our future work.
As a special case, the effects of the cracks length and the number
of cracks on the normalized energy release rate under combined
loadings of r132 ¼ 6 MPa; D12 ¼ 103 C=m2 and B12 ¼ 102 N=A m
for the case of star-shaped cracks, i.e., n equal and equally spaced ra-
dial cracks originating from a common point, are displayed in Figs. 8
and 9, respectively. It can be found from Fig. 8 that the normalized
energy release rate increases linearly as the lengthof cracksbecomes
longer,which isdifferent fromthecaseofmultiple cracksoriginating
fromacircularhole (Fig. 2).As showninFig. 9, for aﬁxed lengthof the
cracks (e.g., L = 0.003 m, 0.005 m, 0.008 m), the value ofG=Gcr for the
case of n = 3 gives the highest value for all the cases of n(n = 1,2,3, . . .). Besides, the value of G=Gcr for the case of n = 2 which
equals to that of n = 4, is larger than that for the case of n = 1. The va-
lue ofG=Gcr then further decreases as the number of cracks increases
with nP 5. The results show that the magnetoelectroelastic solid
containing three radial cracks spaced equally at 120 apart originat-
ing from a common point is easier to fail than the other cases under
remotelyuniform in-plane electromagnetic and anti-planemechan-
ical loadings. Meanwhile, if the multi-cracks (nP 3) originating
from a common point occurs in amagnetoelectroelastic solid, an in-
crease of the number of cracks can inhibit the crack propagation and
growth. Furthermore, the normalized energy release rate is close to
zerowhen the number of cracks tends to inﬁnite. This is because the
boundary of multiple cracks originating from a common point is re-
garded as a circular hole of R ¼ L. It should be noted that the normal-
ized energy release rate (Fig. 4) for the case of multiple cracks
originating froma circular hole is smaller than that for a single crack
originating from a circular hole with n > 5. In contrast to that, the
Fig. 7. The effect of the magnetic load on the normalized energy release rate with R ¼ 0:01 m and L ¼ 0:005 m under combined loadings r132 ¼ 6 MPa and D12 ¼ 103 C=m2.
Fig. 8. Normalized energy release rate versus L for the star-shaped cracks under combined loadings of r132 ¼ 6 MPa; D12 ¼ 103 C=m2 and B12 ¼ 102 N=A m.
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cracks is smaller than that for a single crack with n > 12.5. Conclusions
In this paper, the fracture behaviors of multiple cracks originat-
ing from a circular hole in a magnetoelectroelastic solid under
magnetoelectromechanical loadings are investigated. The assump-
tion of impermeable electric and magnetic boundary conditions is
adopted. Conformal transform technique and complex variable
method are used to reduce the boundary value problem to a Cau-
chy integral equation, which is further solved exactly. Analytic
expressions of the complex potential, the ﬁeld intensity factors
and the energy release rate are obtained explicitly. The effects of
both the crack conﬁgurations and combined loadings on the energy
release rate are shown graphically. The main results are as follows: The increase of cracks length easily results in the failure of mag-
netoelectromechanical solid. For a ﬁxed length of the cracks,
increasing the radius of circular hole can promote the crack
propagation. When the value of hole-radius is four times more
than that of the cracks length, i.e., R/L > 4, the variation of
hole-radius has little inﬂuence on the crack growth.
 The magnetoelectroelastic solid containing the defect such as
three radial cracks spaced equally at 120 apart originating from
a circular hole (or a common point) is easier to fail than the
other cases under remotely uniform in-plane electromagnetic
and anti-plane mechanical loadings.
 Once the multi-cracks (nP 3) at the edge of a circular hole (or a
common point) occurs in a magnetoelectroelastic solid, an
increase of the number of cracks can impede the crack propaga-
tion and growth.
 For a magnetically (or electrically) impermeable crack, the mag-
netic (or electrical) loadings always impede the crack propaga-
Fig. 9. Normalized energy release rate versus n for the star-shaped cracks under combined loadings of r132 ¼ 6 MPa; D12 ¼ 103 C=m2 and B12 ¼ 102 N=A m.
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in the presence of mechanical loading, an applied negative mag-
netic (or electric) load retards crack growth, while an applied
positive magnetic (or electric) load can enhance or retard the
crack growth. In other words, for a ﬁxed mechanical loading, a
negative magnetic (or electric) loading is generally prone to
inhibit the crack extension rather than a positive one.Acknowledgements
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